Abstract. In this paper, we present a new kind of duality between intersection bodies and projection bodies. Furthermore, we establish some counterparts of dual Brunn-Minkowski inequalities for intersection bodies.
Introduction
Intersection body and projection body are two basic concepts in geometric tomography. The projection bodies have been the objects of intense investigation during the past three decades. Lutwak [6] introduced the mixed projection bodies and studied them and their polar bodies systematically. The polar body of a convex body is an important object in the context of convex geometry. For example, two of the most important affine isoperimetric inequalities, the Blaschke-Santaló inequality and the Petty projection inequality, are closely related to the polar bodies. Hence, after we studied the mixed intersection bodies [11] , it is natural to consider the inequalities for their polar bodies. But the intersection body of even a convex body generally is not convex, so is the mixed intersection body. Thus the inequalities for the polar body of the intersection body can not be given in the general cases.
In [7] , Moszyńska introduced the notion of the star dual of a star body. Generally, star dual of a convex body is different from its polar dual. For every convex body K, let K * and K o denote the polar body and the star dual of K, respectively. It is easy to verify that (see [7] for the equality case)
and K * = K • if and only if K is a centered ball. In this paper, by applying the concept of star dual, we establish some inequalities for star duals of intersection bodies.
As Lutwak [5] shows (and as is further elaborated in Gardner's book [1] ), there is a kind of duality between intersection and projection bodies. For a star body L, let IL denote the intersection body of L. For the star dual of the mixed intersection body I(L 1 , . . . , L n−1 ), we will write
• . The first aim of this paper is to establish the following star dual of the Busemann intersection inequality:
with equality if and only if all L i are dilatates.
This is just a dual form of the general Petty projection inequality which was given by Lutwak [6] :
with equality if and only if K i are homothetic ellipsoids.
For two star bodies K and L, let K+L, K+L denote the radial Blaschke sum and the harmonic Blaschke sum of K and L, respectively. The other aim of this paper is to establish the dual Brunn-Minkowski inequalities for the star duals of the intersection bodies for the radial Blaschke sum and the harmonic Blaschke sum.
with equality if and only if L is a dilatate of K.
Basic definitions and notation
As usual, let B n denote the unit ball in Euclidean n-space, R n . While its boundary is S n−1 and the origin is denoted by o. If u is a unit vector, that is, an element of S n−1 , we denote by
If ρ(L, ·) is continuous and positive, L will be called a star body. Let ϕ n o denote the set of star bodies in
o , which was introduced by Moszyńska [7] (and was improved in [8] ). Let i be the inversion of R n \{0}, with respect to S n−1 :
It is easy to verify that for every u ∈ S n−1 [7] ,
.
where
where v is (n-1)-dimensional dual mixed volume.
is called the intersection body of order i of L; it will often be written as I i K. Specially, I n−1 L=IL. This term was introduced by Zhang [13] .
Let
In accordance with (2.5), we define the ith mixed intersection body
The above elementary results (and definitions) are from the theory of convex bodies. The reader may consult the standard works on the subject [1, 3, 10] for reference.
Counterparts of Busemann intersection inequality for star duals of intersection bodies
In fact, we will establish the following inequality more general than Theorem 1:
To prove Theorem 3.1, the following preliminary result will be needed:
with equality if and only if L is a ball.
with equality if and only if L is a ball.
Proof. From the define of I i L, we have [13] (3.4)
The first inequality uses (3.4) and (3.2). The second inequality uses the Hölder integral inequality. By the equality conditions in Hölder integral inequality and Lemma 3.2, the equality in (3.3) holds if and only if L is a ball.
Remark 2. The particular case of inequality (3.3) for i = n−1 is the well-known Busemann intersection inequality.
Proof of Theorem 3.1. According to (2.6), (3.3) and the Hölder integral inequality, we have
To complete the proof of the inequality, it suffices to apply Lemma 3.4. By the equality conditions of the Hölder integral inequality, Lemma 3.3 and Lemma 3.4, the equality in (3.1) holds if and only if L is a ball.
This is just a dual form of the Petty projection inequality which was given by Petty [9] :
with equality if and only if K is an ellipsoid.
Let L 1 = · · · = L n−1 = L in Theorem 3.1 we get Corollary 3.6. Let L ∈ ϕ n o and 1 ≤ i ≤ n − 1. Then (3.8) V (L) i V (I • i L) ≥ k i+1 n k n n−1 ,
with equality if and only if L is a ball.
This is just a dual form of the general Petty projection inequality for ith projection body which was given by Lutwak [6] :
with equality if and only if K is an ellipsoid.
The dual Brunn-Minkowski inequalities for star duals of intersection bodies
For K, L ∈ ϕ n o and λ, µ ≥ 0, the radial Blaschke sum, λ · K+µ · L, was defined by Lutwak [5] . Its radial function is given by:
Obviously, radial Blaschke and Minkowski scalar multiplications are related by
For the radial Blaschke sum, we will prove a result more general than Theorem 2.
with equality if and only if
Proof. For u ∈ S n−1 , from (2.4) and (4.1), we have
Then, using (2.2) and the Minkowski integral inequality(i − n < 0), we have
From the equality conditions for the Minkowski integral inequality, the equality holds if and only if
Taking α = 1 in Theorem 4.1, we get
with equality if and only if L is a dilatate of K.
Remark 3. As in the proof of Theorem 4.1, we have (4.4)
From (4.4) and (4.5), we get
Hence, (4.2) is a stronger form of (4.3).
In [4] , Lutwak introduced the harmonic Blaschke sum. Suppose K, L ∈ ϕ n o . To define the harmonic Blaschke sum, K+L, first define ξ > 0 by (4.6)
The body K+L ∈ ϕ n o is defined as the body whose radial function is given by (4.7)
In fact, we will establish the following theorem more general than Theorem 3.
Proof. By (4.6), (4.7) and the polar coordinate formula for volume, we get ξ = V (K+L). Hence from (4.7), we obtain
For u ∈ S n−1 . By (2.4), (4.9), we have
Applying the Minkowski integral inequality(0 < So the inequality (4.8) is proved. By the equality conditions for the Minkowski integral inequality and (4.10), the equality in (4.8) holds if and only if L is a dilatate of K.
